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We study the size properties of the largest intermediate mass fragments in each partition mode,
produced in the prompt statistical breakup of a thermally equilibrated nuclear source, at different
temperatures. We find that an appreciable amount of events have primary intermediate mass frag-
ments of similar sizes. Our results suggest that, depending on the temperature of the fragmenting
source, their production may be much larger than what would be expected from considerations
based on purely combinatorial arrangements of the nucleons in the fragmenting system. We also
find that the isospin composition of the largest fragments is sensitive to their rank size within the
event. We suggest that experimental analyses, conceived to reconstruct the breakup configuration,
should be employed to investigate the validity of our findings.
PACS numbers: 25.70.Pq,24.60.-k
I. INTRODUCTION
The understanding of the dynamics of the violent col-
lision of two heavy ions at bombarding energies ranging
from a few tens to a few hundreds MeV per nucleon,
leading to many nuclear fragments in the exit channel,
has been a challenge for both theorists and experimen-
talists during the last few decades [1–5]. Although a copi-
ous production of complex fragments in central and mid-
central collisions has been clearly established, the mech-
anisms leading to it have been interpreted in different
scenarios. Indeed, many properties of the fragments ob-
served experimentally have been explained by statistical
models [1, 2, 6–8], whereas many features are also ade-
quately described by dynamical treatments, which range
from classical and semi-classical formulations [5, 9, 10]
to quantum approaches [11, 12]. Hybrid treatments have
also been employed to match different different stages of
the reaction, so that one approach provides the input in-
formation to the other [3, 13, 14] or act concomitantly
[15], merging different mechanisms.
Among the different predictions made by the dynam-
ical models, the emergence of regions of negative com-
pressibility of the nuclear matter, i.e. regions of spin-
odal instability, allows the development of instabilities
that would lead to the breakup of the system [16–19].
A salient feature of this mechanism is the formation of
nearly sized fragments [3, 4, 16–20]. The detection of
such events has challenged experimentalists since differ-
ent factors make it very difficult to draw precise con-
clusions on this respect. For instance, the deexcitation
of these fragments after the breakup could obscure their
resemblance when they were formed. Experimental indi-
cations of the existence of such events have been reported
recently [20] and the discussion on whether they are due
to merely combinatorial arrangements of a finite number
of nucleons, or are actually due to the development of
spinodal instabilities, has been addressed based on cor-
relations proposed in Ref. [21].
In this work, we examine the properties of the largest
fragments formed in the prompt statistical breakup of
a nuclear source in thermal equilibrium. We investi-
gate whether the production of similar sized fragments
is dominated by combinatorial arrangements of nucleons
or by the statistical weights associated with the accessi-
ble phase space. In order to elimitate difficulties associ-
ated with the incomplete sampling of the huge partition
space, we use a version of the Statistical Multifragmenta-
tion Model (SMM) [22–24] based on the exact recurrence
formulae developed in Refs. [25, 26]. Focusing on parti-
tions with only a few large fragments, the equations de-
rived in this work allow the calculation of the individual
properties of each of these partitions. The manuscript is
organized as follows. The main features of the SMM are
recalled in Sect. II, where the formulae used in this work
are derived. The results are presented in Sect. III and
the main conclusions are drawn in Sect. IV.
II. THEORETICAL FRAMEWORK
The SMM is described in detail in the original
works where it has been formulated [22–24]. Modifica-
tions to include improved binding energies and inter-
nal Helmholtz free energies are also carefully discussed
in refs. [27, 28]. Therefore, in subsect. II A, we briefly
sketch the main points useful in the discussion below and
focus, in subsect. II B, on the derivation of the formulae
employed in our analysis.
It is assumed that a thermal equilibrated source of
2mass and atomic numbers A0 and Z0, respectively, is
formed at temperature T and density ρ and that it un-
dergoes a prompt statistical breakup. As in previous
studies [28], we adopt ρ = ρ0/6, where ρ0 corresponds
to the normal nuclear matter density. In order to exam-
ine the sensitivity of the results to the excitation of the
system, different values of the breakup temperature are
used in Sect. III.
A. The SMM
Partitions are generated according to mass and charge
conservation, so that the multiplicities {ni} of fragments
of mass and atomic numbers ai and zi, respectively, are
subject to the constraints:
∑
i
niai = A0 and
∑
i
nizi = Z0 . (1)
In the canonical formulation of the model [29], the
statistical weight associated with a fragmentation mode
f = {(a1, z1) · · · (am, zm)}, m ≡
∑
i ni, fulfilling the
above constraints, is given by the partition function:
Ωf = exp
[
−
Ff (T, V )
T
]
, (2)
where V corresponds to the breakup volume and
Ff (T, V ) symbolizes the Helmholtz free energy associ-
ated with the fragmentation mode [28, 29].
As discussed in Ref. [24], the number of different par-
titions rapidly becomes prohibitively large to allow the
direct generation of all of them. For this reason, the
standard SMM adopts a Monte Carlo strategy, in which
different fragmentation modes are generated based on the
combinatorial weight W−1f of a partition f [24]. In this
way, the average value of an observable O, associated
with the primary hot fragments, is given by:
〈O〉 =
∑
f Of Ωf Wf∑
f Ωf Wf
. (3)
Since most of the primary fragments are very excited,
their yields will be significantly affected in most cases
[15, 28, 30, 31]. However, as we are interested in the
system’s properties at the point it disassembles, we will
not consider their deexcitation.
It should be stressed that the combinatorial factor
which appears in the above equation is meant to correct
for the fact that the partitions {f}, which enter into Eq.
(3), are not generated by the Monte Carlo sampling with
equal probability. Rather, they are selected according to
a distribution W−1f [24]. Therefore, the average value of
an observable, calculated considering only the possible
combinatorial arrangements of A0 −Z0 neutrons and Z0
protons, assuming that they occur with equal probabil-
ity, i.e. disregarding all other physical effects, is given
by:
〈O˜〉 =
∑
f OfWf∑
f Wf
. (4)
In order to evaluate the enhancement or suppression of
〈O〉 with respect to what would be obtained considering
only constraints due to this combinatorial arrangement,
one may calculate the ratio:
RO =
〈O〉
〈O˜〉
. (5)
However, owing to the huge number of partitions in the
case of systems of actual interest, average values of ob-
servables may be subject to large fluctuations, if their
main contributions arise from rare events. Thus, ratios
based on such observables may be significantly affected
by the rather reduced sampling of the configurations.
This assertion remains valid even if a very large (but
practically feasible) number of partitions is generated, as
they would consider only a very small fraction of the total
set. This is particularly important if the denominator of
the ratio is small. We have checked that this indeed hap-
pens in the case of the observables discussed in the next
section, even if as many as 109 Monte Carlo partitions
are sampled.
B. Recurrence relations
To eliminate this difficuty, we resort to the formula-
tion developed by Das Gupta and Mekjian [25, 26], in
which different observables may be exactly calculated
through recurrence relations. More specifically, the sta-
tistical weight associated with a source (A0, Z0) is written
as:
ΩA0,Z0 =
∑
f∈F0
∏
i∈f
ωnii
ni!
, (6)
where F0 symbolizes the set of partitions consistent with
the constraints expressed by Eq. (1) and
ωi =
(
giVf
λ3T
A
3/2
i
)
exp (−Fi/T ) . (7)
In the above equation, gi denotes the spin degeneracy fac-
tor of the species (ai, zi), λT =
√
2pih¯2/mT , m is the nu-
cleon mass and Fi symbolizes the contribution of species
i to the total Helmholtz free energy. It contains terms as-
sociated with its binding energy and to the Wigner-Seitz
3corrections to the Coulomb energy [22], besides others
associated with its internal excitation [32].
Das Gupta and Mekjian [25, 26] realized that very ef-
ficient recursion relations could be obtained from Eq. (6)
and derived the following result:
ΩA0,Z0 =
∑
(ai,zi)∈S0
ai
A0
ωi ΩA0−ai,Z0−zi , (8)
where S0 corresponds to the set composed of all species
{(ai, zi)} for which (ai, zi) ≤ (A0, Z0).
In the same vein, we extend this idea to calculate the
probability of observing a particular partition f ∈ F0,
which contains a subset s = {n1, · · · , nm0} of M =∑m0
i=1 ni fragments, s ⊂ f , which fulfills a condition C :
P˜s,f =
1
ΩA0,Z0
(∏
i∈s
ωnii
ni!
)
 ∏
k∈f\s
ωnkk
nk!

 . (9)
We denote the subset made up of these particular parti-
tions f by F0,s. By defining
Ω∗s ≡
∏
i∈s
ωnii
ni!
, (10)
Ω˜sA0,Z0 ≡
∑
f∈F0,s
∏
k∈f\s
ωnkk
nk!
, (11)
the probability of observing the set of fragments s among
all possible partitions is given by:
Ps =
∑
f∈F0,s
P˜s,f =
1
ΩA0,Z0
Ω∗s Ω˜
s
A0,Z0 . (12)
IfM is small and the fragmenting source is not too large,
the above equations can be evaluated numerically, con-
sidering all the possible partitions, if the condition C
is strict enough. For instance, considering A0 = 189,
Z0 = 83 (which in our implementation of the SMM gives
3209 species in set S0), fragmentation modes contain-
ing only M fragments with z ≥ 5, the subsets s with
M = 3 and 4 such fragments have 2.43961 × 108 and
1.62527×1010 partitions, respectively. Although the eval-
uation of observables associated with the selected frag-
ments within these partitions is time consuming, it is a
feasible task using the present computational resources.
One should note that the partitions which are actually
calculated individually are the subsets s, entering into
Eq. (12), i.e. Ω∗s. The remaining contribution is taken
into account by Ω˜sA0,Z0 , which is evaluated recursively
through Eq. (8), including only species which are not in
s. Otherwise, the number of partitions would be too large
to allow the direct evaluation of the sums which enter into
the above expressions, even in the rather particular cases
exemplified above.
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FIG. 1. (Color online) Charge distribution of the first, sec-
ond, and third, largest fragments in events in which M = 3
fragments have atomic number z ≥ 5, for different breakup
temperatures, panels (a)-(c). In panel (d) the fragments ap-
pear in the partitions according to rules dictated by the com-
binatorial arrangements of A0−Z0 neutrons and Z0 protons.
For details, see the text.
III. RESULTS
We now apply the model to study some properties of
the fragments produced in the fragmentation of a source
of size A0 = 189 and Z0 = 83. As in the calcula-
tions reported in Ref. [20], this corresponds to 80% of
the 124Xe+112 Sn system, studied experimentally in that
work.
We start by considering the charge distribution of the
fragments observed in partitions f ∈ F0,s which fulfill the
condition C that the M largest fragments have atomic
numbers z ≥ 5, whereas the others have smaller atomic
numbers. We calculate the average yields of the k-th
largest fragments using Ps, given by Eq. (12):
〈Yk(z)〉 =

 ∑
s∈S∗M
zk∈s
Ps δz,zk

 /
( ∑
s∈SM
Ps
)
, (13)
where S∗M denotes the subset of fragments within the par-
titions fulfilling the condition C and δ is the Kronecker
delta.
This is displayed in panels (a)-(c) in Fig. 1 for M = 3
and breakup temperatures T = 5.0, 5.5, and 6.0 MeV.
One sees that, as the temperature rises, the distribu-
tions of the first, second, and third largest fragments
become narrower and their peaks shift towards small z
values, while the separation between them diminishes.
The large separation between the peaks indicates that
the fragment sizes are appreciably different in most cases.
However, the overlap between the distributions suggests
that there are partitions in which the 3 fragments have
similar atomic numbers. Analogous conclusions hold for
M = 4. These properties are in qualitative agreement
4with the experimental findings reported in Ref. [20], but
our results cannot be directly compared to those data as
we focus on the system’s configuration at the breakup
stage and do not consider the subsequent deexcitation of
the fragments.
The nonvanishing overlap between the distributions
displayed in panels (a)-(c) of Fig. 1 shows that large frag-
ments of similar sizes may also be produced in the sta-
tistical breakup of the system. Hence, the existence of
events with this property is not an exclusive feature of the
disassembly by spinodal instabilities, predicted by dy-
namical mean field calculations [16–19]. However, there
still remains the question of whether the existence of such
events in statistical multifragmentation merely reflects
the constraints associated with the mass/charge conser-
vation laws and the combinatorial arrangements of the
nucleons. To examine this point, we show in panel (d)
the charge distribution of the M fragments obtained as-
suming ωi = 1 in Eqs. (9)-(11). In this way, the fragments
contribute the same weight to the partition, except for
the factors (ni!)
−1 associated with the proper counting
of identical fragments. This is also adopted in different
methods used to generate partitions [7, 24]. One sees
that the qualitative features observed in panels (a)-(c),
considering the full statistical weight, are also present in
this scenario and that the shape of the distributions is
similar in both cases. However, the distributions shown
in panel (d) are temperature independent. They are de-
termined by the system size and the species included in
the set S0. The distributions tend to become more and
more similar to the full statistical ones as the tempera-
ture increases and the latter distributions shift to lower
z values.
As in Ref. [20], we now consider the first and the second
moments of the charge distribution of theseM fragments
in the subset s:
〈z〉s =
1
M
∑
i∈s
zi (14)
and
σz,s =
[
1
M
∑
i∈s
(zi − 〈z〉)
2
]1/2
. (15)
From them, and using Eq. (12), we build the frequency
with which sets ofM fragments are observed with average
value 〈z〉 and variance σz :
Y (〈z〉, σz) =

 ∑
s∈S∗
M
Ps∆〈z〉s,σz,s

 /
( ∑
s∈SM
Ps
)
(16)
where
∆〈z〉s,σz,s =
{
1, if δz,s ≤ δz/2 and δσz,s ≤ δσz/2
0, otherwise,
(17)
δz,s =| 〈z〉 − 〈z〉s |, δσz,s =| σz − σz,s |, and δz (δσz ) is
the bin size in the 〈z〉 (σz) axis.
This quantity is displayed in panels (a)-(c) of Fig. 2
(normalized to the largest value in each panel) forM = 3
and the different temperatures considered in this work.
These results show that the distribution is peaked at
large 〈z〉 values at the lowest temperature and the po-
sition of the bump moves to lower values as the temper-
ature rises. The distribution is very broad along the σz
axis, but it becomes narrower as the system is heated up.
The position of the peak also moves to lower values as
the temperature rises from T = 5.5 MeV to 6.0 MeV.
At T = 5.0 MeV one observes two bumps along the σz
axis which can be explained by the presence of one (two)
large fragment(s) and two (one) smaller one (ones) in
some events, whereas there are others in which the three
fragments tend to be more similar. These bumps merge
as T increases. It is important to note that there are no
statistical fluctuations in these results, since the formu-
lae derived in this work are exact within the framework
of the model. Therefore, the patterns observed in the
distributions are not artificial.
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FIG. 2. (Color online) Panels (a)-(c): Distribution of par-
titions in which the M = 3 largest fragments (with atomic
number z ≥ 5) have average value 〈z〉 and standard devia-
tion σz, for different breakup temperatures. Panel (d): The
partitions are constructed considering only combinatorial ar-
rangements of A0 −Z0 neutrons and Z0 protons. For details,
see the text.
Panel (d) of Fig. 2 shows the distribution Y (〈z〉, σz)
obtained assuming ωi = 1. In this case, it is narrower
than those obtained at T ≤ 5.5 MeV and it is peaked at
lower 〈z〉 and σz values. It is more similar to the distri-
bution at T = 6.0 MeV. This shows that the statistical
weights associated with the phase space available to the
5partitions lead to very important deviations from the sce-
nario of fragments populating the partitions according to
combinatorial arrangements only.
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FIG. 3. (Color online) Ratio between the distribution
Y (〈z〉, σz) calculated using the full statistical weight and
the one obtained considering only the combinatorial arrange-
ments of the nucleons, at different temperatures and asymme-
try parameter x = 1− 2Z0/A0 of the source of mass number
A0 = 189. For details, see the text.
For the purpose of providing a more quantitative in-
terpretation of this aspect, Fig. 3 displays the ratio
RY between Y (〈z〉, σz) calculated with the full statis-
tical weight and the one obtained assuming ωi = 1,
Y (〈z〉, σz, ωi = 1), in different cases. In order to elimi-
nate contributions from events that are not representa-
tive, we only show the ratios if Y (〈z〉, σz) ≥ 10
−4. We
also limit the vertical scale to RY ≤ 5, since very large ra-
tios are obtained if Y (〈z〉, σz , ωi = 1) is very small. This
is the reason why the distributions look flat in some re-
gions. Thus, we restrict the analysis to the regions where
there is a competition between the constraints imposed
by the combinatorial arrangements of the nucleons and
the weights associated with the phase space available to
the system.
Since at T = 5.0 MeV, Y (〈z〉, σz) is non-negligible
only where Y (〈z〉, σz , ωi = 1) is very small, the results
at this temperature are not shown in Fig. 3 and we fo-
cus on the highest two temperatures. In this plot, the
blue (dark gray) areas correspond to RY ≤ 1 whereas the
light brown (light gray) ones are associated with RY > 1.
In panels (a) and (b), we exhibit RY for T = 5.5 MeV
and T = 6.0 MeV, respectively. In the former case,
RY < 1 for 〈z〉 <∼ 15, except for σz
>
∼ 10. This indi-
cates that the statistical weight of these configurations is
not large enough to dominate the constraints associated
with the combinatorial arrangements. The larger phase
space available to configurations which give 〈z〉 >∼ 15 tips
the balance in its favor and one observes a rapid rise of
RY in this region. The fact that RY > 1 also for very
small values of σz , at non-negligible values of Y (〈z〉, σz),
reveals that many partition modes with fragments of sim-
ilar sizes contribute to the distribution. Analogous con-
clusions also hold for different sources’ isospin composi-
tion as one sees in panels (c) and (d) which show RY for
sources, at T = 5.5 MeV, with A0 = 189 and x = 0.185
and x = 0.058, respectively, where x = 1− 2Z0/A0. The
situation is very different at T = 6.0 MeV. The overlap
between Y (〈z〉, σz) and Y (〈z〉, σz , ωi = 1) is appreciable
and RY >> 1 in most of the overlapping region. This
is particularly pronounced at small σz . Thus, the exis-
tence of these very similar fragments is due to statistical
considerations rather than to combinatorial constraints.
Our results indicate that this dominance of the statistical
weights over the combinatorial arrangements is sensitive
to the excitation energy of the source. Similar conclu-
sions are also obtained in the case of M = 4.
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FIG. 4. (Color online) Distribution of the neutron-proton
asymmetry of the largest three fragments for different values
of the sources’ asymmetry, at breakup temperature T = 5.5
MeV. The open symbols in frame (a) represent the results
obtained with ωi = 1. For details, see the text.
Very different qualitative characteristics of the isospin
composition of the largest fragments are observed
whether one assumes that the fragmentation modes are
ruled by combinatorial arrangements only, or takes into
account the full statistical weights. This is illustrated in
panel (a) of Fig. 4 which displays theN−Z distribution of
the M = 3 largest fragments, produced at T = 5.5 MeV,
where N denotes the neutron number. It reveals that the
isospin properties of the Helmholtz free energy leads to
neutron richer fragments than considerations based only
on combinatorial arrangements. It also shows that, in
the former case, the largest fragments tend to be more
neutron rich than the lighter ones. This reflects the ten-
dency of nuclei of having equal number of neutrons and
protons as their sizes diminish. Panels (b)-(c) of this
figure compare the distributions for sources of different
isospin compositions, for A0 = 189, at T = 5.5 MeV.
They show that the sensitivity to the isospin composi-
tion of the source weakens as the fragments’ rank size
decreases.
Finally, to investigate the influence of the breakup tem-
perature on the N −Z distribution of these largest frag-
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FIG. 5. (Color online) Same as Fig. 4 for x = 0.121 and
different temperatures. For details, see the text.
ments, this quantity is exhibited in panels (a)-(c) of Fig. 5
at different temperatures. The results reveal that the dis-
tributions become narrower as T increases and the peaks
move towards N ≈ Z. Thus, they may help investigate
the asymmetry energy term in the equation of state of
the source at the breakup stage.
IV. CONCLUDING REMARKS
In the framework of the prompt statistical breakup of a
nuclear source in thermal equilibrium at temperature T ,
we examined the properties of the largest M fragments
produced in each fragmentation mode. We addressed
the question of whether the production of many simi-
lar fragments within an event is ruled by combinatorial
constraints or by statistical considerations. To this end,
we employed a version of the SMM, presented in Refs.
[25, 26], based on recurrence formulae for the statistical
weights, and derived expressions which allowed the in-
dividual calculation of each partition with M fragments
of atomic number z ≥ zmin. Our results suggest that
either aspect dominates certain configurations and that
the balance between them is sensitive to the breakup tem-
perature. More specifically, larger temperatures lead to
larger phase space volumes accessible to the system and,
therefore, tip the balance in favor of the statistical emis-
sion and one observes many fragments of similar sizes.
However, we found that the partition mode also plays
an important role as, for a given breakup temperature,
the combinatorial arrangements of the nucleons dominate
in certain configurations, which have access to smaller
phase space volumes. We therefore suggest these prop-
erties should be further experimentally investigated, and
that the configuration at the breakup be reconstructed
as in Refs. [33–38]. Our results also suggest that the
neutron-proton asymmetry of the M largest fragments is
sensitive to their rank size and that this sensitivity weak-
ens as the breakup temperature increases. The neutron-
proton asymmetry of the source is also found to affect
this property of the M largest fragments.
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